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In this paper our previous joint work with Calder on the width of homotopies into compact 
Riemannian manifolds with finite fundamental groups is extended to the equivariant setting. We 
produce necessary conditions under which the widths of equivariant homotopies are bounded 
and characterize these equivariant bounds in terms of the fixed point submanifolds of the action. 
Finally, we apply these results to covering spaces to relate the (non-equivariant) bounds for a 
manifold with finite fundamental group to those of its universal covering space. 
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1. Introduction 
In a sequence of papers, Calder and the present authors introduced and studied 
various higher dimensional analogues to the minimum geodesic distance in compact 
Riemannian manifolds with finite fundamental group, [l-5]. The calculation of 
these invariants rested on an understanding of the homotopy theory of the manifold 
in question. 
In this paper we consider a related question: Can an analogous theory be 
developed in an equivariant setting? We shall see that not only this can be done, 
but also, interestingly enough, that the results can again be obtained using homotopy- 
theoretic information. Specifically, if G is a compact group acting on a manifold, 
the new invariants can be calculated in terms of the fixed point submanifolds 
corresponding to the subgroups of G. 
Our work is based on the “width”, \HJ, of a homotopy H :X x I + M (IHI being 
the supremum of lengths of paths traversed by points of X under H). The central 
result used in our earlier work was that for each n there exists a global bound 
B,(M) such that for any such H with dim X s n, H can be deformed rel(X x (0, 1)) 
to a homotopy H’ such that IH’l G B,(M). 
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These bounds were computed for various classical manifolds and were shown to 
reflect deep geometric and topological properties of the manifold. A good example 
of such a property is the relationship of these numbers to the existence of elements 
of Hopf invariant one, cf. [5]. 
In the present work we consider homotopies X x I+ M that are equivariant for 
the group G acting on X and M. We give useful hypotheses under which equivariant 
B,(M) exist and show by example that it does not suffice to assume only that rr, (M) 
is finite. In the case G is finite, we develop tools that allow the complete computation 
of the new numbers in terms of the non-equivariant bounds on the fixed-point sets 
corresponding to the subgroups of G. 
Finally, we turn to an application of the equivariant bounds to the non-equivariant 
setting. In [4] we made extensive use of the Morse theory to compute the B, 
invariants for real projective spaces, which turned out to be the same as those of 
the corresponding spheres. One naturally wonders about the relation of B,(M) to 
B,(G), where k is a covering space of M. In this paper we apply our equivariant 
theory to obtain the following theorem. 
Theorem. Let M be a compact Riemannian manifold with V,(M) Jinite. Then for n 3 0, 
we have that B,(M) = B,(G), where h? is the universal covering space of M. 
We thus obtain, without further need for Morse theory, an immediate calculation 
of the B, invariants for all manifolds, such as lens spaces, that are finitely covered 
by spheres. For calculations in general in the family of all manifolds having the 
same universal cover, one needs to know the invariants of only a single representative. 
Thus on one hand we have an alternative to Morse-theoretical calculations in 
situations where those are available, while on the other hand the result still holds 
when the Morse theory does not provide precise calculations, cf. [5, Example 2.41. 
2. Topological preliminaries 
We state two homotopy extension lemmas for maps of compact pairs. The first 
of these is an extension of Lemma 2.3 in [l]. 
2.1. Definition. Let p: E + B be a fibration and C c E be a compact subspace. An 
n-enlargement of C is a compact subspace C, 2 C such that given any n-dimensional 
space X, subspace A c X and map g: (X, A)+ (E, C), there exists a homotopy 
G:Xx I+ E such that 
(a) pG, =pg for all t; 
(b) Go= g and G,(X) E C,,; and 
(c) G,(A)& C, for all 6. 
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2.2. Theorem (The Bounded Lifting Lemma). Let p: E + B be afibration withjibre 
F and such that 
(a) B is compact; 
(b) p is locallyfibre-homotopy trivial; and 
(c) F is the homotopy type of a CW-complex ofjnite type (a finite number of cells 
in each dimension). 
Then for each n every compact subspace C G E has an n-enlargement. 
Proof. The proof of Lemma 2.3 in [l] is essentially that of the case C = 0. The 
extension to the case C f 0 involves straightforward modifications of that proof. In 
the original proof C,, is constructed as the union of a sequence of k+ 1 compact 
spaces Ei G E,+, with E,, = 0. Repeat this construction with E, = C. In the construction 
of G, one need only to replace the given inductive hypothesis by 
In studying the equivariant case we will want to have better control over G. In 
particular we will want to know that if A is a subcomplex, under what circumstances 
we may leave g fixed on A under G. The theorem following the next definition 
answers this question in a useful situation. 
2.3. Definition. Consider a fibration E J% B and a compact set C c_ E. A compact 
halo of C is a compact set C’, CC C’E E having the property that given a 
commutative diagram of maps 
CcE 
there exists a deformation over f; G: g --/g’ such that 
(a) G(s, t) = g(s) for s E S”-’ and for all t; and 
(b) there exists F > 0 such that g’(S:-‘) s C’, where S,“-’ = {(s, t) 1 t 2 1 - s}, para- 
metrized as a subset of D” = (S-’ x I)/(S”-’ x {O}). 





Every compact subset C E MI has a compact halo. 
112 J. Siegel, E Williams / Uniform bounds for equivariant homotopies 
Proof. Let p,+, be the injectivity radius of M, so that if d(x, y) < p,,,, there exists a 
minimal geodesic m(x, y, t) from x to y. Note that m is continuous in all 3 variables 
where it is defined. 
Define a positive real valued function d: M x C x M + R by the formula: 
d(%,f; x1) = d(x,,f(O))+d(f(l), Xl). 
Choose 0~ 6 <pM and let c = 6-‘[0,6]. 
Next define cp : (? + M’ by the formula 
cp(%,f, xdtl 
/ ( m xo,f(OL t > d(%,f(O)) ’ 0s t<d(xo,f(0)), 
t - d(%,f(O)) = 
( 4 -d(x,,f(O))+d(f(lL Xl) ’ > db,,f(O)) =z t zG I- d(f(l), Xl), 
\ ( m f(xd, x1, t-(l-d(f(lLx,)) d(f(lL x1) > ’ l-d(S(l),x,)StSl. 
We let C’= q(c) and note that qo((f(O),J;f(l)) =J Letting the coordinates of D” 
be S”-’ x I/S”-’ x (0) as in Definition 2.3, we are in a position to define g’ and G. 
On D” -{0} let 
d,(& t) = 4g(s, t)(O), g(s, l)(o)l+drg(s, t)(l), ids 1)(1)1. 
Note that d,(s, 1) = 0. 
Choose 77 so that d,(s, t) 6 8 on Sq-’ and define 
g:s;-‘+ C’ 
by the formula 
E(s, t) = CPM% t)(0), g(s, I), g(s, t)(1)1. 
Again, note g(s, 1) =g(s, 1). Finally choose 2~s r] so that for (s, t)E Sz-‘, 
d(g(s, t), g(s, t))<p,. Let g’=glSz-‘. 
Letting u: D” + [O, l] be a continuous function that is 0 on D” - S,“,’ and 1 on 
S:-’ we define 
G(s, t)(u) = 
ds, t>(u), (s, t) E D” -s,“;‘, 
mk(s, t)(u), g(s, t)(u), ds, t)l, (s, t) E SE’. q 
Note that if the lengths of the paths in C are bounded, then one can choose a 
halo with bound b(C) + E for any E. 
2.5. Theorem. Let M be a compact Riemannian manifold with finite fundamental 
group. For each compact C s M’ there exists an n-enlargement c” z C having the 
additional property that if X is an n-complex and A a subcomplex we may choose G 
such that G(x, t) = g(x) for all t and all x E A. 
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Proof. The proof is by induction alternately applying Theorems 2.2 and 2.4. 
Begin by defining co = C u Co. Since the vertices of X form a discrete set, we 
may deform g into Co on the set X0 - A, and then use the homotopy extension 
property to extend to a homotopy Go such that 
(i) G: = g on A, 
(ii) G:(X’-A) G Co and hence Gy(X’u A) G co. 
Suppose by induction we have defined Gk and c” such that 
(i) G:=g on A, 
(ii) GF(X” u A) E Ck. 
To simplify notation let gk - G:. Let c” be a compact halo of Ck, and ck+’ be 
a (k + 1) -enlargement of 2 k. We define a homotopy Gk+‘, one (k + 1) -cell at a time 
and then use homotopy extension to define Gki’ on all of X. 
Let (T be a (k+ 1)-cell of X. By Theorem 2.4 we can find E > 0 and a fibre 
deformation H of gkla such that H is fixed on 6 and H(a,) E ek (a, = Sr). 
Next, letting H, = h, we apply Definition 2.1 to the pair (a, a,) and the map h 
to give a fibre deformation fi : u x I + E such that H( (T x { 1) u (T, x I) s Ck+‘. Again 
choosing p : CT+ I with p(a) = 0 and p( V-V,) = 1 we define fi(x, t) = H(x, p(x)t). 
Note 
1 
(i) H, = h on (T 
A -k:I (ii) H,(cT)~ C . 
Finally G kt’ is Gk followed by H followed by I’?. 0 
The proof of Theorem 2.5 has the following corollary which will be seen to be 
useful for computing bounds in the equivariant case. 
2.6. Corollary. With M as above, for any a > 0 and integer n > 0 there exist numbers 
&(a, M) having the property that given any n-dimensional complex K, subcomplex 
L, and diagram 
M’ 
/I I’ R f 
K F MxM 
with g(L) c Mf, (the space of Lipschitz maps of Lipschitz number <a), we may deform 
g over f into the space of Lipschitz maps of number 5 &( a, M) leaving g jixed on L. 
Proof. Since ML is known to be compact by the Ascoli theorem, the proof consists 
of choosing an n-enlargement c, as in Theorem 2.5 and deforming the adjoint map 
c,, x Z + M to a bounded Lipschitz map by a deformation that does not increase 
Lipschitz numbers. 
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Since c, is actually an n-enlargement of a halo of ML, and one can easily show 
that a halo may be chosen to be ML,, for any E, one can require the deformation 
to be fixed on L. 0 
2.7. Remarks. Defining B, (a, M) = inf{ B,, (a, M)}, one asks when it is the case that 
B,(a, M) = a. It is not difficult to show that the numbers B,#(M) defined in [5] 
satisfy the equation 
B,#(M)=inf{a>O)B,(a, M)=a}. 
Example 1.7 of that paper is a manifold M for which Bz( M) = 00, n 3 1. Indeed, 
one can modify that argument to show that lim inf{)B,,(a, M) -al}> 0. 
In this regard we shall use the following definition. 
2.8. Definition. A manifold M is said to be stable with respect to width if for all n 
(i) B,#(M) exists, 
(ii) B,#(M) = B,(M), and 
(iii) B,(a, M) = a for all a 2 B:(M). 
We remark that in the cases in which precise calculations of the invariants have 
been made, such as spheres and projective spaces, the manifolds are stable with 
respect to width. 
3. Main results 
We refer to [6] as a source of technical information about equivariant homotopy. 
In this section let G be a finite group and M a Riemannian manifold on which G 
acts through isometries. The question we address is: 
3.0. Question. Do there exist numbers Bz( M) such that any equivariant homotopy 
with domain and n-dimensional G-complex can be equivariantly deformed 
rel(X x (0, 1)) to fi such that IHI s B:(M)? 
Our previous work can be thought of as dealing with the case of trivial G-action. 
In this case we have seen that such bounds exist whenever V,(M) is finite. As might 
be expected, non-trivial actions require more elaborate hypotheses. The following 
example indicates what the appropriate hypotheses might be. 
3.1. Example. Let X = [w2 with polar coordinates (r, 0), and let M = S2 with spherical 
coordinates (@, 0). Actions of Z, on both spaces are given by 0 ++ - 8. We consider 
the maps &(r, 0) = (nr, 0) and f,(r, 0) = (1, 13). Clearly there is no equivariant 
homotopy of finite width between f0 and f, since f0 restricted to the fixed point set 
is just the exponential map, which is not homotopic to the constant map by any 
homotopy of finite width. 
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We see from this example that the fixed point sets of the group action must be 
taken into consideration. We shall see that this consideration is sufficient. 
For each subgroup H s G, let MH be the subspace of M consisting of the points 
fixed by H. For our purposes, it turns out to suffice that rr,( M “) is finite for all H. 
Our analysis begins with the following theorem. 
3.2. Theorem (Equivariant Bounded Lifting Lemma). Let p : E + B be a G-fibration 
such that for every subgroup H G G, the restriction p-‘( BH) + BH satisfies the con- 
clusion of Theorem 2.5. Then for any compact G-subspace Cc E and non-negative 
integer n there exists a compact “G-enlargement” C” 1 C having the property that 




we may deform g equiuariantly ozler f to g” such that 
(a) the deformation is fixed on A, and 
(b) we have g”(X) c C”. 
Proof. We begin by constructing the C”. Begin by taking C-’ = C. Suppose we have 
constructed C”-‘. Select a set of subgroups {H,}, one from each conjugacy class of 
G. For each i let (I?:-’ =p-‘( BHa) n Cnp’, and let c: be an n-enlargement of c:-’ 
that satisfies Theorem 2.5. Let C” = UgEG g. ci, and finally let C” = lJi Cr. 
Suppose we have equivariantly deformed g -fgn-‘, staying fixed on A and with 
gnYX(“-‘) ) c C”-‘. Partition the n-cells of X -A by the action of G. For each 
class {a,}, there exists an i and a cell ui E {a;} with Hi as its isotropy subgroup. 
Restrict attention to 
(3.3) 
Since C: is an n-enlargement of Cl-’ we may deform gla’ over f to g’ such that 
g’( qi) c Cr, keeping the deformation fixed on 6’. We define the map on the remaining 
cells of this class by the action of G. Repeating this process for each class of the 
partition, we complete the definition of g”-‘. 0 
3.4. Theorem. Let M and G be as above and suppose VT,( MY) is finite for all i. Let 
a 2 0. Then for each n there exists a number BF(a, M) such that if F: (X, A) x I + M 
is a G-homotopy with dim X < n and I( F/+,)1 s a, then F can be equivariantly deformed 
rel((X x (0, 1)) u (A x I)) to a homotopy F’ such that IF’J s Bz(a, M). 
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3.5. Definition. As in the non-equivariant case, we define 
Bz(a, M) =inf{iy(a, M)}. 
Proof of Theorem 3.4. The proof is by induction on n, the inductive hypotheses 
being trivially true for n =O. Assume the theorem holds for n - 1, so we can 
equivariantly deform F to F rel((X x (0, 1)) u (A x I)) such that 
l(&“~‘“a,)l< K(a, M) 
for some sz-,(a, M). Let F > 0 and let 
(3.6) Ez(a, M)= F+max{B,(Ez_,(a, M), MY)}. 
The proof proceeds cell-by-cell as in Theorem 3.2, using (3.3), the definition of 
B,(iz__,(a, M), MH,), and the fact that path length is invariant with regard to the 
action of G. Cl 
The following formulae allow us to make explicit calculations in certain situations. 
3.7. Theorem. With M and G as above, any a > 0, and all n, we have 
(a) Bz(a, M)amax, {&(a, MY)}; and 
(b) for any E>O, Bz(a, M)~max,{B,(B~_,(a, M)+E, M9)). 
Proof. Part (b) is a direct consequence of formula (3.6) since Bz-,(a, M) + E is an 
appropriate choice for gz_,(a, M). 
To prove (a) we construct examples as follows. Choose E > 0 and let H :X x I + 
MHl be a homotopy such that j(HIA)I s a and such that if H’- H rel((X x (0, l}) u 
(AxI)),thenIH’(~B,(a,MH,)-&.Let(X,A)=G/H,x(X,A)andH:XxI~M 
be the equivariant extension of H. Consequently if I?‘- I? is an equivariant defor- 
mation rel((.%x{O,l})u(AxI)) we must have II?‘(>B,(a, MH,)-.s. 0 
In the case where the MHx are stable with respect to width (Definition 2.8) we 
are able to sharpen the conclusion of Theorem 3.7 to obtain precise calculations of 
the B:(M). 
3.8. Theorem. Suppose that MH, is stable with respect to width for all Hi c G. We have 
(i) ifa~max,{B,“(MH~)}, then Bf(a, M) =maxi{B,#(MHc)}; 
(ii) ifa > max,{I?,“(MH,)}, then Bz(a, M) = a. 
Proof. Trivially, if asB,#(M), then B,,(M)cB,(u,M)~B#(M). Hence if 
B,(M) = B:(M), then all three quantities are equal. On the other hand, if M is 
stable with respect to width and a 2 B#( M), then B,(M) = a. 
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Suppose that (i) is true for n s k - 1. By Theorem 3.7(a), since B,(M) = B’(M) 
we have Bz(a, M)>max{Bz(MH,)}. But since B,#_,(MHa)s B,“(MH,), we have 
Bz_,(a, M)=max{B,#_,(MH,)}cmax{B,#(MY)}. 
Consequently, for any e > 0 we have 
max{B,(Bz-,(a, M)+F, MH,)}~max(B,#(MH,)}+t. 
Part (i) now follows from Theorem 3.7(b) and the fact that F is arbitrary. The proof 
of part (ii) is similar. 0 
Let Bz( M) = Bz(O, M). We are now in a position to see that the pathology of 
Example 3.1 does not extend to higher dimensions. 
3.9. Example. For q z-3 let the standard sphere Sy be given and a &-action by 
reflection through the equator. Then by Theorem 3.8 
B,G(a, S4) = max{a, Bn#(Y-I)}. 
(We know from [5] that BF(SYp’)=kr for (k-l)(q-2)<n<k(q-l).) 
We now apply the results for equivariant bounds to the non-equivariant case. 
Suppose that M is a manifold and &l is a finite covering space of M with metric 
induced by local isometry. If Z-,(G) is normal in r,(M), then G = r,(M)/n,(fi) 
is a fixed point free group of actions on fi. We have the following theorem. 
3.10. Theorem. B, (a, M) = B, (a, fi) for all a. 
Proof. Some elementary reasoning about equivariant maps shows that B:(u, 6) = 
&,(a, M). On the other hand, since the only fixed point submanifold of fi is itself, 
Theorem 3.7 implies that Bz(u, fi) = B,(u, 6). q 
As an immediate application, one obtains the theorem stated in the Introduction 
to this paper. 
The above results can be extended somewhat to the case of G being a compact 
group. In one direction one observes that what is essential in Theorem 3.2 is that 
the set of fixed point submanifolds is finite and that G is compact. If M is the total 
space of a principal G-bundle, the proof of Theorem 3.2 may be modified to yield 
the existence of numbers Bf(u, M). The analogues of Theorems 3.4, 3.7, and 3.8 
all hold without change. Again, since the action is free, we obtain Bz(u, M) = 
&(a, M). 
The relationship to non-equivariant bounds changes in this case due to the fact 
that the dimension of G may be non-zero and that the projection of M onto M/G 
is no longer an isometry. We do have the following theorem. 
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3.11. Theorem. Let M + N be a principal G-bundle in which G is a compact group 
that operates on M by isometries. If N has the induced metric, then 
&(a, NJ s Bn+dim G(a, Ml. 
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